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YuupepcaJjbHbIii MeTo, JIannonia-Ilane penienus
JUHEMHBIX CUCTEeM HaJl OOJIbIINMI KOHEYHBIMU ITOJIIMMI*

H.JI. Bamapamkun®, M.A. Yepemnes'

MI'V!, IBM PAH?

[Ipensoxken yHuBepCAJIbHBII MeTOJ, NMpeJHA3HAYEHHBIH JIJIsT PelneHns OOIBIINX pa3-
PEKEHHBIX CUCTEM JIMHEHBIX YPABHEHU Ha[ KOHETHBIMU IOJISIME C OOJIBIITIM YHUCTIOM
3JIEMEHTOB, KOTOPble BO3HUKAIOT IIPU PELIeHnuHu 3334y JUCKPETHOrO JjiorapudMupo-
BaHUS 110 MO/YJIIO Tpocroro uuchia. [Ipemioxkensr acddexkTrrHbIE CLIOCOOBI MIPE/ICTAB-
JIEHUS W PACIIpe/ieJIeHNs JAaHHBIX, a TaK»Ke MPOrpaMMHBIE PeasN3alliy TapajlyIeIbHBIX
aJITOPUTMOB.

1. BBenenue

OHuUM M3 METOMOB, KOTOPbIE HCIIOb3YIOTCS JJIsT PEIIeHNnsA OOJIBIINX Pa3PEKEHHBIX CHCTEM
Ha,JI KOHEYHBIMU TIOJISIMH, BJIsteTcst MeTos Jlanmora (eMm., Hanpumep [2-9,11,12]). ITpocroTa asro-
puT™Ma 1 BOSMO>KHOCTH TTOCTOAHHOTO KOHTPOJIA KOPPEKTHOCTU €TI0 pa6OTbI OTHOCATCA K I'JIaBHBIM
gocronHcTBaM MeToma. OHAKO MO CBOeH MpHpoae MeToH JIaHIoma SIBIgeTca MOCaeI0BATEb-
HBIMH AJITOPAUTMOM, HA KAaXKJI0i mTepamuu KOTOPOro Hem30eXKHO MPOUCXOAUT OOJIbINOil 0OMeH
JAHHBIMI MEKIY PA3THIHBIMYA BBIYUCIATEILHBIMI Y3JIaMI.

Ucnosip3oBanne 6/I09HBIX BepCHil HECKOJIBKO YIYUIIAeT MACIITAOUPYEMOCTD MMapaslIebHbIX
nporpamm (cM. Hampumep, [12]), HO Tak wan mHAYe HE MO3BOJIAET H(DMEKTUBHO HCIOIH30BATH
BBIUNCIUTEIbHBIE CUCTEMBI ¢ TTpon3BoauTeabHOCTHIO ODostee 100 TFlops. HecoseprierncrBo meToma
CTAHOBUTCS TEM 3aMeTHee, UYeM HIKe CKOPOCTHL OOMEHa JaHHLIMH B KOMMYHUKAITMOHHONI CETH
BbIYUCJ/JIUTEJIbHON CUCTEMBI.

B pabore omucan yrusepcasvruitl OaoaHbI MeTox Jlanmoma-llage, npegHasHadeHHbIN 1T
pertenns OOJTbINX PA3PE’KEHHBIX CUCTEM JIMTHEHHBIX YPAaBHEHUN HaJl KOHETHBIME TIOJISIMU ¢ 0OJTh-
UM 9UCJIOM 3JEMEHTOB («yHHMBEPCAJIbHBIN> 03HauaeT «3hDhEKTUBHBII HA NapalIeJbHbIX Bbi-
YUCJIUTETHHBIX CHCTEMAX € PA3JIMIHON APXUTEKTYPO U XapAKTEPUCTUKAMIY ), & TAK¥Ke TPeia-
rarorcst 3pOEeKTUBHBIE CTTOCOOBI TTPEACTABIEHNUS JaHHBIX, PACTPEIeTeHNs TaHHBIX TT0 BHIUNC/IA-
TeJIbHBIM Y3J1aM U TapaJiieJIbHbIe aJlTOPUTMHI.

VYuupepcanbubiii Meron Jlanmoma-Ilame, coxpansisi OCHOBHBIE TOCTOMHCTBA MeToma JIaHimo-
ma, 0bJIaIaeT CyIMeCTBEHHO JIy UMY ITapaJjiIebHBIMI CBOiicTBaMU. BoJiee TOro B yHHBEpCATIb-
nom metoze Jlanmoma-Ilaie nmeercst BO3MOXKHOCTD THOKO YIPABJIATDH CJA0YKHOCTHIO BbIUUC/ICHIIT
1 pa3sMepoM OOMEHNBAEMbBIX JaHHBIX.

2. Onucanme yHuUBepcaJibHoro Metoqa Jlanmoma-Ilage

2.1. A-opToroHanbHblii 6a3uc nmpocrpadcTBa KpplioBa n MmarpuvHbie Ipubdsim-
>kenudg Ilazge

Hawm norpebyercst psijt KOHCTPYKIIUIA, 9TOObI YCTAHOBUTD CB3b MEXK/Ly MATPUUHBIMU IPUO,/IU-
xeanaMu [late HEKOTOPOTO CHenuaIbHOTO PAla U A-OPTOTOHATBLHBIMEU Oa3MCaAMI TTPOCTPAHCTBA
Kpoutosa K(A, B).

Urak, nycrs a(x) — dbopMasbHbIil MATPUIHBIH sl

a(zr) = Z o (1)
1=0

*PaboTa BBITTOIHEeHa Npu (BUHAHCOBOH moiuepkke Munnuobpruayku Poccun, cormamenne ot 17 miona 2014 r.
b)

N 14.604 .21.0034 (umenrudukarop cornamenuss REMEFI60414X0034).
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K09bUIMEnTAMI KOTOPOTO SIBISOTCs MaTpuisl oy € FEXK Bynem rosoputs, uto mapa mar-
pramex nomaomos Q) (z) u P (z) crenenn s

Q(S)(x) _ Q88)+Qg8)x++ggs)x57
P(S)($) _ PSS)+PIS)$+"'+P§S)$S,

(s) c FEKxK

S
¢ KosppurmeHTaMn QZ(- ),Pj , 3aJaeT mampuyHoe npubsusicerue Ilade cmenenu s njis

pdaa (1), €CJIN BBIIIOJTHAETCA COOTHOIIICHHE:

a(2)QW(z) ~ P () = Y plYat, 2)

1=s+1

Pan B mpaBoii wactu (2) Gymem Ha3bIBATL ocmamounbviM padom mpubmmxkenns [lase Ppls) (x),
Q) () crenenn s u o6o3HauaTh ero uepes R (z).

Haree, s psana (1) u napbl TpOU3BOIBHBIX MATPUIHBIX TIOJIMHOMOB OTIPEJIEIAM OuAuHeliHoe
omobpasicenue. A nvenno, nycrb Q1(x) u Qo(x) 1Ba MATPUYHBLIX NOJIMHOMA. PaccMorpum psif,
oIy denHbIi hopMaTbHBIM TTpomsseernem Q1 (1), a(r) w Qo(x),

of (w)a(2)Qa(z) = 3 v (3)

i=—t
Torma snadenune OuimHeiinoro orobpazkenus < Qq, Qo > I Hapbl MOJUHOMOB Q1 u Qs olpe-
JlesisieTcst Kak 3Hadenne Koaddummenta v dopmaibaoro psaga (3):

< Q, Qg >= € FFXE, (4)

Haxkomerr, yctanoBum crocob mocTpoenus 6J10Ka () pasmepa n X K 1o 3aJaHHOMY MATPUTHOMY
Q nosmnomy Q(x), kBagparnoit n X n marpune A u n X K 6moky B. [ljisa sroro paccmorpum
nosmuoM Q(z) crenenu s ¢ MarpuaabiMu Kodbdurmentamu Qp, Q1, -+ -, Qq:

Qz) = Qo+ Qiz + - -- + Qg
Onpegermnm 610k Q = Q(A, B) € F**K 110 cepyromemy npasmiy (cum. manpumep, [9]):
Q=Q9(A,B)=BQy+ABQ; +---+ A°BQ,. (5)

B nmambHeiiem Hac 6y IyT HHTEPECOBaTh TOJBKO Te psiyibl az) Buga (1), koadbdurmenTsr o
KOTOPBIX 33/IaI0TCsI HEKOTOPBIM CIEIMaIbHBIM 00pa30M, a MMEHHO

o =al =BTAB,

¢ cuMMeTpuvHO Marpuneit A, u HekoTopbiM OJI0KOM B.
JIemmMma 1. 9| Cnpasedauso caedyrowee paserncmeo:

< Q1,00 >= QT AQ, (6)

Vreepxkaenue 1. ITycmo A € F™*" cummempuunas mampuya, B € F**E Grox us K auneti-

€ FEXE weadpammvie mampuupve suda oy = of = BTA'B.

HO HE3ABUCUMDIT 6EKINOPO6, a4 O i

Pacemompum npubauoicerus Iade P (z), Q) (x) pada (1) cmenened 0, ---, 1,

o(0)QV @) = PO@) = 3 %
=1

a(2)QW(@) - PW(@) = Y pMat,
1=2

a(@)Q0(@) - PU(@) = Y plat,

1=[+1
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npednonazas, wmo mampuus. Q) (A, B)TAQW) (A, B) saermomea nesvposcienmLm.

Tozda, dns mo6ozo s, 0 < s < 1 6aoku Qy = QV(A,B), ---, @ = QW(A, B), nocmpoen-
nole no Q-nosunomam npubsusicenutd Ilade, sadarom A-opmozonasvhbil 6a3uc NPOCMPAHCMEA
Kpoiosa Ki(A, B)

Ki(A, B) = Span <B,AB, . ,AlB) :

Kpome mozo, Q) (A, B)TAQ®) (A, B) = Qs ps_H, u cmapwue KoIPPUUUEHDL MATPULHBLT
Q-NOAUHOMOE U CNAPWUE KOIPHUUUEHMDL COOMBEMCMEYIOWUT OCTAMOYHLT PAOS, CMOAULUE
6 NOCACOHEM PAGEHCMEE CNPAGA, ACAANMCA HEGHLPOHCOCHHBLMU Mampuyamu. O

Vreep:xkenne 1 npejocrapisieT cnocod onucanus A-opToroHajbLHOro 6a3uca IMpocTPaHCTBa
Kpoutosa (A, B) ¢ moMompio Q-TOIHHOMOB.

2.2. Pexyppeunrubie dopmyiibl st npubamkenuii I1asze

IIpenonozKum, 4To yaxe ussecrubl npubmmxerus Ilage P~ Q6= i P) Q) nopsnkos
s—1lus (S,ZLGCB U Be3Jie Jlajiee BEPXHUN MHIEKC B KPYIJIBIX CKOOKAX FOBOPUT O TOM, K KAKOMY
nopsiiky npubmmkenus [lame orHocuTcs naHHAas BEJNYMHA), COOTBETCTBEHHO, C OCTATOYHBIMU

paamn RED () u RO (z)
'R,(S_l)({L‘) _ OL(ZE)Q(S_I( ) 73(5 1) szs 1) l'_i,

RO(@z) = a(@)Q¥ () —PY(x Z R

1=s+1

Hosoe npubnxenue Iage Q6+ (z), PO+ (z) crenenu s + 1 6yjuem uckars B Buje

Q(S+1)($) — J)Q(S)(CU) + Q(S)(l’)l/ 4 Q(S 1) (x)yl, (7>

P(S+1)($) — :EP(S)(Z‘) —|—P(S)(£II)I/ +fp s—1) (1;)1/1, (8)

R(S+1) (iL') _ :L'R(S) (ZL’) + R(S) (LL‘)Z/[) + R(S 1)(1')1/1, (9)

rae vo u vy K X K marpuupl, rpedyioie onpejesenns. V3 yciaosus paBencrsa Hyso Ko-
sbumuenros pi*tY 1 pY Mage RV

Ps p5+1 OCTaTKa pAda aJle (.CL'), cjaeayeTr, 9TOo MaTpulbl Vg 1 V1

YJIOBJICTBOPAIOT CUCTEME JIMHEHHbIX ypaBHEHU

P oDy = Pt =g, (10)
PS@2 +PL(9421V0 +PS;11)V1 = Pgsﬁl) =0. (11)
(s+1)

Ocragrmecs: K03 HUITHEHTHI p OCTaTKa R(8+1)($) ¢ k > 0 mosrydarorces mo cJieayomneit

dopwmyie:

s+k+1

(s+1) _ (s (s) (s=1)
Psibi1 = Pothr2 T Psgry1V0 T PoqpprV1-

Crnenys (7), sanurmem Jijig MOJTUHOMA Qst+1) ( )
QL+ (z) = QB (z) (I + p) + Q¥ Y (2)1. (12)

[Tpumenss mannoe npeobpazoBanue t pas, MOJLYUIUM [IPEJCTABACHUE IS IOJIMHOMA Qstt) ( ) B
BU/IE:

Q6 () = QO (1)1 (2) + QU (@)1 (2), (13)

rje 7—[( )( ) — MATPUYHBIA OJMHOM crerneHu ¢, crapmuil Ko3MOUIMEHT KOTOPOro eJIuHuIHAs

K x K marpuria, a 7-[( )( ) — HEKOTOPbIHi MATPUYIHBIA NOJMHOM CTeneHu He Bbime ¢ — 1.
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IMoaxon K Bhruuciaenuio A-oproroHaJibHOrO 6a3uca, OCHOBAHHLIN Ha, npubsmxkenusx llaje,
MMeeT BUAUMBIE IMPEHMMYIIECTBA ¢ TOYKU 3pEeHN MapaJsiiebHbIX BbhIUUCIeHn. B Kiaccuaeckom
Meroze Jlanmorna nrepaiusi aJropuTMa COCTOUT W3 YMHOXKeHusi MaTpulibl A Ha 010K Q; u 1o-
CJIe YOIl IPOIeNyphl A-OpTOroHaIM3aIn HOBOrO 610K K IpeablaymM. Kazkas Takas ure-
pamust Tpebyer 3HAUNTEJILHONO OOMEHa, JIAHHBIME, 9TO MPUBOAUT K ILJIOXOH MaciTabupyemMocTu
aJITOpUTMa Ha MOIIHBIX BblamcauTenax. g meroma Jlanmoma-Ilame Tpebyerca TOMBKO yMHO-
KaTh 00K Ha MaTpuily. Karkaplii BeKTOp B OJIOKE YMHOXKAETCS HE3aBUCHMO, a UHCIO0 OOMEHOB
MHHIMAJIbHO. DTO U €CTb IVIABHOE IpenMyInecTBo Meroja Jlanmoma-Ilamge mepes meromom Jlan-
TIOIIIA.

2.3. Marpu4unbie 0003HAYEHUSI

He croxno nposeputs, uro nommsombr QO (z) u QW (z), ssarsre B Buge Q0 (z) = I u
Q(l)(x) =Jx— 041_1042, ca;=BTABuay = BTA2B, siBjisiroTest Q-nosimHOMamu [lajie wysieBoii
¥ [IepPBOii CTelenn cooTBeTCTBeHHO. Memonb3ys qacTHblii ciaydait coornomenns (13), npeacraBum
Q-nosmnom ITage crerenu s + 1 B Bujie

QG+ (z) = QW (@)HE ™ (2) + QO (2)HSH (2), (14)
C MAaTPUYIHBIM TOJTMHOMOM Hgs—i—l) (:E) CTEIEHN S U CTAPIITUM KO3(DPUITMEHTOM, PABHBIM €IMHUIHON
(s+1)

MaTpUIe, U HEKOTOPbIM MATPUYHBIM IHOJIMHOM H (x) crenenn ue Bbune s — 1. Uz (12) u

(14) caeayer, uro Hﬁs“)(x) u H(()S+1)(x) YJIOBJIETBOPSIOT OJHOMY M TOMY YK€ PEKyPPEHTHOMY
COOTHOIIEHUIO

1@y = H (@) Tz +w) + HT (@) (15)
1ot (@) = H(2) (z+vo) + HE T (@), (16)

OTJINYAsICh TOJILKO BLIGOPOM HAYAJIbHBIX YCJIOBH. A MMEHHO, HAYaJIbHBIE I0JIMHOMbBI BEIOUPAIOTCS
B CJIC/LYTOIIEM BH/IE: ”Hgo) (x) =0, Hgl)(ac) =1, 7—[(()0) (x) =1, H(()l)(aj) =0.

st ynoberBa manpHeIeit 3amicy ajlropuTMOB OLPEJIE/INM ClIeuaIbHble MaTpUIHble 000-
suadennst. CocraBuM n3 KO3(hMUIIEHTOB TOJMHOMOB ’H:(Ls) () n H(()S) (x) 6aoku H 1(8) u Hés) pas-
Mepa n X K, pacrnosiokns KoahbOUIHeHTbl MeHbIINX CTeleHell B CTPOKax ¢ GOJIBIINMUA HOMEPAM:

0 0
0 0
1) 0
HY = z(;*” . HEY = o . (17)
H1(372) HO(sz)
HYY H!
| | |

B rtakom csyuae pekyppenthbie coorHomennst (15) u (16) SKBUBAJEHTHBI CJIELYONINM MATPUY-
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HBIM DaBEHCTBaM:

_ ; -
HED — ZHY HO ey v | i=0.1, (18)

141

rae Z € F"*™ — marpuna 6JI09HOTO CIBUTA BUIA,
- 0 I O 0 -
0 0 I 0
7 —
0o 0 0 Iy,
o o o0 --- 0

Hapsiny ¢ 6siokamu H(gs) u H fs) onpeennm 60k R®) pasmepa 2n x K, KoTopbiii cCOOTBETCTBYET
ocraTounoMy psy Ilame crenenu s (3amernm, 9ro pasmep 6JI0KOB R BIBOE MPEBOCXOIUT Pa3Mep
6okoB H). fBHbrit By Giioka R®) zananum CJIELyIOIUM 00pa30M:

0

rJIe CUMBOJIOM * 0003HAYAIOTCS Te JIEMEHTHI, KOTOPbIe He SBJISIIOTCS CYNIECTBEHHBIMU (IPYTHMU
CJIOBAME 3HAYEHMsI ITUX JEMEHTOB He OyJyT BJIUATH HA BBIYMCJIEHUS B aJropurme). ducio
HysaeBbX Marpuil B R(®) B TounocTn pasmo s+ 1, i orpaxaer Tor daxt, uro R coorsercTByer
ocrarounomy psizy Ilagie crenenn s. Tlo ananornu ¢ dbopmysnamu (18) 3anumnem

I
R+ — 7T R(s)  R(s)  R(s—1) v (20)

V1

3aMeTnM, 9YTO B COOTBETCTBHUH C OIIPEIEICHUEM UHCIO «HECYIIECTBEHHBIX> 3JIEMEHTOB B RG+1)
yBEJIMUUBAETCH HA 1 110 CPABHEHUIO C YUCJIOM <«HECYIIECTBEHHbLIX» JIEMEHTOB B R®). Takum
obpaszom, dopmysa (20) MoKeT PACCMATPUBATLCHA KAK PABEHCTBO TOJILKO JIJISL «CYIIECTBEHHBIX>

kommonent R,
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Hanee, obosnaunm uepes Q1 u Qo 6soku Q1(A, B) u Qy(A, B), coorBercrenro. ITo onpe-
neqennio Qg = B, a Q1 = AB — Baflag. Cocrasum maTpunsl Ko, K1 € F*" u3 6j10K0B BUIA
AlQom AVQ1 ¢ j or 0 o 3 — 1 3anmcannbix B 06paTHOM TIOPsIJIKE,

Ko = [A?é—lczo ART2Qp - AQo Qo} (21)
K1 = [Afn‘lQl ART2Q1 - AQy Q1}

s (13) cjaenyetT, 9TO JJIsi 6J10KA, QS+1 = Q(S‘H)(A, B) COpaBeaJInBO CJIeAyIolIee IIpecTaBIeHue:
s s—1
i 1 i 1
Qo1 = Y AQUHET 13" AQuHy T, (22)
7=0 =0

KOTOpOEe yJI00HO 3aIncarhb B BUIE
Qo1 = KoHS ™ 4 Ky HET, (23)

[To mocTpoenuto (cMm. yTBepxKaerue 1) 610Ku Qs 06pasyoT A-OopTOroHATBHBIH GA3KC BCETO TPO-
CTPAHCTBA, a, CJIEJI0BATE/ILHO, PEIIEHNE CUCTEMbI X 2 3AIUCBIBACTCH B BUJIE JIMHEAHOM KOMOMHA-
un 6JI0KOB ();

=z

Xo =Y Qi (QF4Q) " QrB.

1=0

%

BBomg obosmnadenne Z; 1jid MaTPHIT
-1

Zi = (QT AQ:) QI B,

npugeM K KPaTkoit 3armucu st X z

=3 QiZ. (24)

n_q n_q
Xz = Qizi= Y (Ko + k") Z,
=0 =0
n_1 n_1
= K, Bz |+ K | Y HYZ,
=0 =0

Yro0b! ermie HEMHOI'O YIIPOCTUTD 3aIUCh U HOJIYIUTh MATPUIHOE COOTHOIIEHNE Jiisd X n, onpe/e-

JIUM cucTeMy OJIOKOB G(()S) u Ggs) pasMepa n X K cjeaymoiero Buja

o) = S uzi=cyV +u 2, (25)
=0

¢ = S HPz =6+ Y7, (26)
1=0

rjie s mensierca B upejenax or 1 o 2 — 1. Mcnombsys (25) u (26), oxonuare/bno 3amumem X n
KaK

n_q n_1)
X = KoGF V4 KGR, (27)
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[TpenmytecTBa oty dentoit 3amucu s X n COCTOHMT B TOM, YTO B Heil HET SBHOM 3aBHCHMOCTH
oT O6JIOKOB (J;, a MMeeTCsi 3aBUCUMOCTD JIUITh OT cucteM Ko u K OJI09HO KPBLIOBCKOTO THUIIA.
Borauciienne Ky u K Jierko mpou3BOAUTD HA MAPAJLIEIbHBIX BBIYUCINTEIbHBIX cucTemax. Jlis
9TOr0 KaK/iblit u3 2K BEKTOPOB, BXOAAIINX B OJIOK (Jo min ()1 MOXKHO YMHOXKATH HA MATPUILY
A He3aBUCUMO, T€M CaMbIM JIOCTUTAsi MaKCUMAJbHO BO3MOXKHOTO 3dderTa. Irodbl 3aBepIiiuTh

(%) (%)
OTmCcaHue MeTO 1A, HeOOXOMMO IIPEeIbABITH CIOCOOBI BEIMHCaenud 61okos Gy " u G 7, KoTopnle
HE WCIOJIb30BaJ Obl SIBHBII BUJI OJIOKOB ();.

2.4. Boruucnenue Q7 B
Ucnonb3yst pekyppenThble coorHoenust (12)
QW(xz) = QU (x) (Iz + vo) + QU2 (),
sanuieM Jis 6J10koB (i, Qi—1 1 Qj_2
Qi = AQi-1 + Qi—1v0 + Qi—av1.

Torna
QiB=Ql |AB+ 15 Q] B+ v Q] ,B. (28)

B cuay cBoiicrBa A-oproronasbHocTH st ¢ > 2 TiepBoe caaraemoe B (28) Bcerja paBHO HYJIIO.
OxoHUaTeILHO

1
QIB=) v (QF;_1B) = nQl 1B +1Q[,B. (29)
=0

2.5. Boruncnenue Q7 AQ;

YT00bl BRIMUCIUTH Q;TFAQZ- BOCTIOJIb3YyeMCe yTBepKIeHneM 1:

. T .
QraQi = (a) sl
2.6. Anropurm Jlannoma-Ilage
Buimmumem agroputMm Jlanmoma-ITame.

IMTar 0 (nHUOUMAIM3aUMs AJITOPUTMA):

(a) Boramenuts g = BT B, a1 = BTAB, oy = BT A?B;

(b) ompemenuts n x K 650k Qp u Q1 mo dhopmysiam

Qo = B; (30)
Q1 = AB — Baj'a; (31)

(¢) ompemenuts n X K 6oku H(()O), H(()l) Hfo) u Hl(l);

(d) BbramesuTh KBasipatubie K x K marpunst ¢y u ¢ mo dhopMmyiam
T T T
Yo=QyB=DB"B, ¢1=01B;
(e) BBIYMCIINTHL KBaJPATHBIE MATPUIILI Z) U Z1 Kak

Zo = ay "o = (QF AQo) "o, Z1 = (QT AQ1)ey;
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(f) BbramcauTh GI0KH G[()l) u Ggl) o dopmymam:
GV = H" z; (32)
oV =BV 7; (33)

IITar 1 (Bbraucienue 6109HO-CTEIIEHHOTO Ga3uca npocrpancrsa KpbuioBa u no-
crpoenune psaa Ilage nuHeiiHol cucremsbi):

(a) BbUMCAMTH pacipenHyio mMarpuily Ko Buga Ko = Qo AQy --- AR Qo |;

(b) BoramcanTh KBagpatHbie K x K marpuist o; o dopmytam o; = QF A'Qo, nist Beex
i 0T 2 110 24;

(¢) mpucponts 3Hauenns snemenram 61okos RO i R,

IIIar 2 (mocrpoenue A-opTorosajabHOro 6asmca): Jyis Beex s OT 2 710  — 1 IOBTOPATD

(a), (b), (¢), (d) u (e)

(a) maiitn K x K MaTpunsl vy, Vi, pelas CHCTEMY yPaBHEHHUI,

0 D ®)

p 7 p
s _ s+1 (34)
(s) (s—1) (s)
Pst1 Pst1 g Pst2
(b) BBIYHCIUTE H(()s) uH fs) II0 PEKYPPEeHTHOIT (hopmyte
HY = za Y + B Vo + B0, (1=0,1); (35)

(¢) BbramcsauTh octaTok psiza llaze R®) jyia npubsmxkenus 1laje crenenu s mo dpopmyiie
R® = ZTRE) 4 ROy + REVuy; (36)

(d) Berancius kBajparnyio K x K marpuity Zs, onpejensiemyio kak Zs = (QT AQ,) QT B,
UCTIONBL3YS CIIEYIONINI AIrOPUTM:

(a) BormcnuTL KBagparHyio K x K marpumy s = Q1 B, ncnonnsys pekyppenTHoe
COOTHOIIIEHUE,

s = Vg Y1 + 1 Py (37)

(s)

(b) monoxuts Matpuiy Q1 AQs pasmoit pg 1

(e) BbIUMCIUTBL G(()s) u Ggs) IO PEKYPPEHTHBIM (POPMYJIaM:

G =ct V1 uz, &W=ci"Y1+HYZ, (38)

ITTar 3 (mocrpoenme perteHusi): Boruuciaurs perenune X% o popmyJie:

X = KoGiF Y 4 ARG Y — ko GETY, (39)

n
K

rme K x K xkommoneHTbl 6/10Ka (71 ecTh HE 9TO umHoe Kak K X K xommoHeHTb 6j10Ka (51,
YMHOXKCHHBIC CJI€Ba HA MATPUILY 041_1042.
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2.7. Anroput™Mm mocTpoeHus 6JOYHO-CTEeNeHHOTo ba3mca nmpocTtpaHcTBa Kpbuio-
Ba n paaa llage nuHeiliHOl cucTeMbl

[Tockonpky Ilar 0 (MHUIIATU3AIAS AJITOPUTMA) IMEET MAJIYIO AITOPUTMIIECKYIO CIIOK-
HOCTB, TO TIPU TMOCTPOEHUN TapaJIebHOTO aJrOpUTMa Mbl cpa3y mepexoanm K anagusy Illara
1 (BbrumcieHne 6109HO-cTEneHHOro 6a3uca npocrpancts KprouioBa n psina Ilage sm-
HeliHO#l cucrembl). Bynem Besse najiee cumtaTh, YTO YUCIO JOCTYIHBIX B AJTOPUTME CYIep-
yaioB pasuo K. Ha IIlare 1 Bce K cymnep-y3/0B OyayT paboTaTb HE3aBUCHUMO W BBLITOJIHITH
OJIMHAKOBYIO PaboTy.

C cynep-yziom ¢ Homepom ¢ va I1lare 1 cesikeM cjieAyomne BHIYUCIEHNs: PACCMOTPUM OJIOK
Qo € F™ K nyery Qo; € F™ — i-wlii BekTOp B 6/10Ke Q9. Ha Illare 1 cymep-y3en ¢ HOMEpOM i
(a) cTpouT 10CJIE/I0BATEILHOCTD BEKTOPOB AIQy; ¢ mapamerpom j, maMmensommmest ot 0 10 2%,
1 (6) BBIYHCIAET i-ble CTOJIOIBI aé = Q%Aj Qo; KBaJIpATHBIX MATPHIL (¢ = QgAj Qo.

O‘{GBI/I,ZI;HO7 JJId TOTO, ‘{TO6I)I NMETb BO3MO2KHOCTDL BbBIIIOJIHUTH YKa3aHHbIC BbIYUCJICHUA B
OTCYTCTBHE OOMEHA JAHHBIMU C JIDYTUMU CyIEP-Y3/JaMU, [I€PEJ] HA9aJI0M BbIYHCJIEHUN Ha CyIep-
y3JIe ¢ HOMEPOM ¢ HEeOOXOIMMO pa3MeCTHThL MaTpuily A, a Takske 60K (Qp = B.

OnuineM pacipejie/ieHHIe JAHHDBIX 110 BBIYUCIUTEIbHBIM Y3J1aM, OTHOCSIINMCS K 4-OMYy CyIIep-
yamay. s mpocToThl OyaeM Mpeanoararh, 9TO KaXK/IbI CYIep-y3e COCTOUT U3 OJUHAKOBOTO
qucCJjia § BBIMHUCJIUTE/IBHBIX Y3JI0B. I/I366I‘aﬂ HECYyHIeCTBEHHBIX ,HeTaJIeI),I, 6yﬂeM CInuTaTh, 9TO MaT-
puria A TpesicTaBIsSeTCS B BUE OObEIMHEHHUS § OJIOKOB-CTONONOB Ay, Ao, « -+, Ag ¢ paBHBIM
YUCTIOM CTOJIONOB * 1 PaBHBIM YHCJIOM HEHYJIEBBIX 3JIEMEHTOB B Kaxk10M Osioke, a 6710k (o nmeet
COOTBETCTBYIOIIEE BJI0UHOE CTPOYHOE pa3bueHue

Qj

Q2
Q=1 ", (40)

O

e s mo6oro j 6a0kn () B MMeT pasMepbl % X K, 1 4ro mepeji HauajioM BBIYUC/ICHUI B
ONEPATUBHOI MAMSITH y371a ¢ HOMEPOM j, 3ammcannl Oiok-croabern, A; marpuusr A n qacts Q)
bs10Ka Q.

[IpeioxkenHast cxeMa XpaHEHWs €CTeCTBEHHBIM O0pPAa30M OIPEIE/IsieT aJITOPUTMbI TTOCTPO-
eHHs CTEIeHHOTO 0a3mca MpOoCTpaHCTBa KpbLIoBa M ajaropuTMa BBIYHCIEHHST KOIMDMUIMEHTOB
psma Iasme.

2.8. AnropuTtMm nocrpoeHusi A opToronasibHOro 6asuca npocrpaucrsa Kpouiosa

Haunewm c ssiemenrapuoro anajmsa cjoxuocru sbruuciaenuii na Ilare 2 (mocrpoenme A-
OpPTOroHaAJILHOTO Gasmuca). Pemenne onHoll cucTeMbl uHelHbIX ypaBHeHuil Buga (34) umeer
croxxnocts O(K3), cremopaTenbio, yauThIBas, 9TO PemmaTh cucTeMy Heobxommmo 2n/K pas,
nosrag pemenns 2K x 2K gwmeiinnix cucrem O(nK?).

PaceMorpuM Bhrauc/ieHrst KO3 OUIMETOB Hi(t) HOJTMHOMHAJIBHOTO TIPEJICTABICHUS, 3a/IaBae-
moro dopmy.oii (35). CiioKHOCTH 9TOr0 BbIYKMCIIeHNs OleHnBaeTcs kak O (n2K ) AnaJjiornunast
OIeHKA CIpaBeJINBa W I PEKypPpPEeHTHBIX cooTHomenuii (36) u (38). Hakower, smementap-
Hasl LPOBEPKA I10Ka3bIBAET, 4TO BCe ocrasbHble Bbluncienusi na Illare 2 (mocrpoenwme A-
OpTOrOHAJILHOTO 6azmca) mMeloT CIoKHOCTD He Bhime O(nk?).

Vuurbisas, uro n > K u, ciaejosaresbho, n2K > nK?, ocnosnoe sBHuManue 6y/1eM yIeasTh
napaJuleIbHO peasnsauu peKyppeHTHbIX coorHomenuii (35), (36), (38). Kiouesoe nabiose-

HIE, KOTOPOE TO3BOJISIET pean30BaTh (M MEeKTUBHYIO Tapaie/IbHYI0 TPOIEIyPy MepecieTa pe-
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KYPPEHTHBIX COOTHOIIEHU, 3aKIF0UAETCsI B BO3MOYXKHOCTH XPaHUThL CTPOKH, O10koe H, Ru G, B
BU/jIE, JIOMYCKAIOIEM cOa/IaJIaHCUPOBAHHDBIE BBIYUC/ICHUSA HA BCEX S§ y3JIaX JIIOOOTO CyIep-y3Ja.

Nrak, Oyaem caurarh, 9TO HA y3j€ C HOMEPOM 1 cymep-y3ja ¢ HOMEPOM % PACIO/IaraioTCs
(0)

BEKTOPbI-CTPOKU [?;

= Yy, RS) = O, Rggi)z = Oé(gs)i, Ty R(gn/K)z = a(2n/K)i (HaHOMHI/IM7
4TO § — ITO lApPAMETD, OIPEIE/IAIONMIA YUCI0 Y3JI0B, OTHOCAIIMXCA K JAHHOMY Cylep-y3iy).
Anajioruduso, Ha y3J1€ ¢ HOMEPOM 2 TOIO 2Ke CyIep-y3J1a ¢ HOMEPOM i OYIYT COXPAHATHCS BEKTOPEI
qu) = 4 R(O) =« ; R(O) = ; 1 .. Takum 00pasoM, Ha KarkJIOM U3 S y3JI0B
% » T (s+1)e (s+1)is F¥(2541)i (2s+1)i ) M
KasKJIOr0 CyIlep-y3ja OymeT XpaHUThCsS IPUMEDPHO IIOPOBHY, & MMEHHO IIO ?(—"S BEKTOPOB JIJINHBI
K, npeacrapismomux 610k R(©). Ananormausiv o6pasoM peaan3yeTcs cXxeMa XPaHeHHs GJI0KOB
R, Hés), Hl(s), a TakXKe Gés) u Ggs).

Paccmorpum mpenmyiiiecTBa, KOTOPBIE JAeT ONUCAHHAS HAMH CXeMa XPaHeHUs. Boimuimem
AJITOPUTM, COOTBETCTBYIONINI BbIUUCIEHUIO S + 1 ocraTka psma llajge mo dpopmyste

REHD = ZTRE) 4 ROy 4 R~y (41)

CYHUTAs UTO MATPUILI Iy U V) ABJIAIOTCS N3BECTHLIMHE.
(s) 2n " s
Obosnauum 4yepes R;;” OJI0K pasMepa -, NPEJCTABIAIONINN HAOOP BEKTOPOB R®) na l-om
y3Je i-oro cynepysia. He cioxkuo nposepursb, uro (41) mepexoaut B cie/yroiiee COOTHOIIEHNE:

p(s+1) _ ST p(s) p(s) p(s—1)

Ry =27 Ry + Ryjvo+ Ry v, (42)
r7ie Z — KOPJAaHOBA KJIETKA pa3Mepa % C HyJIeBBIM 3Ha4UeHNeM Ha Juaronasu. [lepsoe ciaraemoe
B IpaBoit wacTn (42) mMeeT HIKHMT miaeke [+ 1, a 3maunt sTa dacth 61oka R(®) pacnomaraercs B
MaMsaTH y371a ¢ HoMepoM [+ 1. B Toxke BpeMmst ocTaabHbIe craraeMble 1 TPeOIaraeMblil Pe3yIbTaT
HAXOJATCS Ha y37ie ¢ HoMepoM [. Takum 06pazom, Beraucsienus mo gpopmysie (42) moapasyMeBaoT
O0OMeH JAHHBIMU MEXKIY Y3JIaMU CYTep-y37a ¢ HOMEPOM 4. SamuIneM ajaropuTM.

AgropurMm guis (41):

1. Ha KazKJIOM U3 S Y3JIOB BBIYUCJIUTH IIPOU3BEIACHUE BCEX 2n CTPOK OT 6JIOKa R(S) Ha MaTpu
Ks
vo;
2. Ha KaxXJIOM U3 S 3JI0B BBIYUCJIUTH IIPOU3BEIEHUE BCEX 2n CTPOK OT 6JIOKa R(S_l) Ha
Ks

MaTPHILy V1;
3. CJI0XKWTh COOTBETCTBYIOIINE CTPOKU;

4. mepecsaTh CTPOKHU € y3Jia ¢ HOMEPOM i Ha y3eJ ¢ HoMepoM (i mods) + 1) u cJIOKUTDH ¢
OPEeAbIAYIIUM PE3YJIbTaTOM.

st roro, 4robbl 3aKOHYNTH olMcaHue napaJuiesabHoii peanmsanuu [Ilara 2 (mocrpoe-
Hue A-oproroHanbHoro 6a3uca), HaM HEOOXO/MMO OIUCATH MPOTECC TVIOOATBHBIX TIEPECHLIOK
MEXK/Yy Pal3/IMYHBIMU CyHEep-y3JlaMU U CBA3aHHbIE C HUMUW BbIYUCJ/ICHUAMMN. ﬂel‘/-'ICTBI/ITeJI])HO7 ceIe
HUYEro He OBLIO CKA3aHO O TOM, KaK IOJIy4aTb MATpUIllbl ¥y u V1. [IoCKONIbKY naHHBIE MaTpU-
bl SABJIAIOTCS Pe3yJibraroM perenusi cucreM (34), 10 HEOOXOAMMO yuecTb BpeMsi, HeOOXOLUMOe
Ha cOOpKy U pelieHue Takux cucreM. Haumem co cOOpku. Y4UuTbiBasg BHIODAHHYIO HAMU CXEMY
XpaHeHusl TAHHBIX, COOpKa (34) AB/IsieTcss pe3yIbTaTOM 3JIEMEHTAPHOTO OOMEeHa JTAHHBIME MEXK Ty
CyTIep-y3JIamMH.

2.9. OpraHuzarnus napajiesabHbIx BeraucieHuii Ha Illare 3 (mocrpoenue pertie-
HVISI)

Toxoz1, K TIOCTPOEHNIO JIAHHOTO aJIropuTMa onucan B paszene 4.3 kaurn [12]. Nnes noxxona
BecbMa IpocTa. PaccMoTpuM cHadaa HECKOJBKO YHPOINeHHYIo cuTyarmio. CunTas 3a aHHbIMI
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ook B € F™ K warpury A € F™™ u gekrop G, 6yaem nckarh BekTop X B BHIE
n_
X =K)G = E A'BG;, (43)
i=0
rie (G; — nonasekTopbl BekTOopa G pasmepa K.

ITycts mmerorest K y3i10B, 1 Ha KaxkioM u3 K y3J10B HaAXOIUTCS TOCIEI0BATEIHLHOCTh KPhI-
noBa Buna B;, AB;, A2B;, - -+, A"E~1B; u secw Bextop G. Hama 6/mmkaiimast 1e/b mpeyIozkuTb
AJTOPUTM MOIydeHnsT X , MUHIMU3UPYIOMINA 91CI0 OOMEHOB.

Banumiem (43) 6osiee noapobHO, PACCKPbIBasg HesgBHOE CyMMupoBanue B coornommenun ABG,

1

X = A'BG, (44)
=0
S O S
i=0 \j=1
K (%1 '

=2 (A'B); Gij (46)

j=1 \ i=0

:Z ZAiBjGij . (47)

1 =0

.
Il

He tpyamo 3amerutsb, uro B (47) BbIpaskeHue B CKOOKAX MOYKET BBIUUC/IATHCS HA BCEX y3J1aX
HezaBucuMo. Takmm obpasoM, ecanm ObI TpebOBaJIOCh MOJAYyYINTH X Ha y3je ¢ HOMepoM 1, TO
KOJIMIECTBO HEOOXOMMBIX 0OMEHOB Jyist mostydenust X He npesocxoamio 66t O (n).

[TpuMeHUM JTAHHBIA TTOAXO K TOCTPOEHUIO ONTUMAJILHOTO IO CJIOXKHOCTH AJITOPUTMAa, TTOJTY-
YeHUs PeIleHus JUHEWHONW CUCTEMbl B BHUJE JIMHEWHONW KOMOMHAIMU OJIOKOB OJIOYHO-CTEIIEHHOTO
basnca mpoctpamcTBa Kpoiioa. Hagmnem ¢ obCcyKaeHnst TOro, 9eM peasbHbBI AJTOPUTM OTIMIa-
€TCsl OT TOJIBKO YTO PACCMOTPEHHON yIIPOIIEHHON cuTyannu. Bo-1IepBbiX, B PeabHON cuTyammn
nMmeercd K cyrep-y3/10B, KayKJIbIil 13 KOTOPBIX COCTOUT U3 S y3JI0B. BO-BTOPBIX, BEKTOPHI BHIA
AJ B; XxpausTcs Ha OTJIeJbHBIX y3/1aX Cylep-y3J/I0B B BHJIE HOBEKTOPOB Pa3Mepa %, 4To onpejie-
JISTeTCsT BLIOpAHHON Hamu cxeMoil Xpanenus (cM. myHKT 2.7). Kak Oymer BuaHO U3 JasbHeiimnero,
9TH OTJINYWS He MOBJUIIOT CYIIECTBEHHO Ha MOCTPOEHME MMapaaeIbHON TPOTIIETy PhI.

OTMeTnM ele, 9TO B pacCMaTpHBaeMOM HaMu ajropurMe G 9TO He BEKTOP, a 1 X K 6JI0K
BekTOpOB. Cxema xpamenus 6jioka G ObLla ommcana HaMu paHee. He TpymHO TpOBEpHUTL, ITO
nocsie Beex Bbrunciaenuii Ha Ilare 2 (mocrpoenmne A-oproroHasibHOrO 6a3mca) crpokn 6710~

n n
KOB Gof _1, GE o cooTBeTcTBYyIoNMe cToI6TmaM A’ B; KPBLIOBCKUX CHCTEM, PACIIOJIATAIOTCS B
HaMsiTH y3JI0B OJHOTO M TOIO »Ke Cylep-y3sa ¢ HoMepoMm i (cM. myHKT 2.8). Dror dakr 1no3so-
JIgeT HaM PACCMOTPETH aJITOPUTM BBIUMCIEHNS pertennsd X, KOTOPBIil B MUHUMAJBLHON CTENEHN
UCIOJIb3yeT OOMEH MeXKJy OTIe/IbHBIMU CyIep-y3/laMH, a, CJIe/I0BATe/IbHO, He 3aBUCUT OT THIIA
napaJijieJbHOI apXUTEKTYPBbL.

AnaroputrMm BbraucijieHus: X:

- ~ n_q
1. cobpaTh Ha KaxKJIOM y3/e KayXKJIoTo cynep-ysia 1 X K nonbnokn Go n G 610K0B G(()K )

(-1
n G¥ (HATOMHWM, 9TO JI0 Hadasa paboThl aJrOPUTMA Ha Y3J1aX PACIOJIAraloTcst JINIIb
% x K nonbmoku 610k0oB Go u G1);
2. TIPOBECTHU HE3aBUCUMO Ha KaXKJIOM y3Jie BBIUUCTCHUS BUIA
n
n-1
', — intcy.
Xy = E A’B;G; |, (48)
J=0
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31ech t 0bo3HaTaeT HOMEp y3/a B cynep-ysje ¢ HomMepoMm i, a Xy — 670k pasmepa & X K,
PACIIOJIOXKEHHBIN B MAMSATH {-0T0 y3/1a Cylep-y3Jja ¢ HOMEPOM i;

. mepecsiaTh 670K Xy; Ha t-Blil y3es1 cymep-y3/aa ¢ HoMepoM 1 (BBIIEJIEHHOTO Cymep-y3ia);

. Ha y3Jie ¢ HOMepOoM t cymep-y3ja 1 BeIYuCJInTh
K

X => Xu. (49)
i=1

. cobpaTh pelrenne Ha y3je 1 cymep-ysmia 1.
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Universal block Lanczos-Pade method for linear systems over
large finite fields
Nikolay Zamarashkin and Mihail Cherepnev

In this paper we propose a universal algorithm designed for solving large sparse linear
systems over finite fields with large prime number of elements. Such systems arise in the
solution of the discrete logarithm problem modulo a prime number. Parallel algorithms and
effective data distributions are proposed.



